A uniformly valid asymptotic expansion is obtained for the regular solution of a class of second-order linear differential equations with three transition points-a turning point and two regular singular points. The solution is found by matching three different solutions obtained using the Langer Transformation. The matching yields the eigenvalues and the eigenfunctions.
I. INTRODUCTION
We seek asymptotic solutions for large A to the differential equation :x (X + a) (b -x) :~)
+( PIx) +Ax"g(X)(x+a)m+1(b_X)k+1)y=o (1)
(x+a) (b-x) that are regular on the interval l-a, b], where a and b are positive numbers, pix) and g (x) are regular functions and g(x) > ° on [-a, b] , and n, m, and k are integers such that n? Eq. (1) has three transition points-x = ° is a turning point and x = -a and x = b are regular singular points.
The special case PIx) = 2(1-x2), g(x) = 1, a = b = 1, n = -m = -k = 1 describes stationary waves of small amplitude on the surface of a liquid sphere of unit radius whose center of mass is undergoing a constant acceleration. 1 Harper, Chang, and Grube 2 obtained a secondorder asymptotic solution to this special case by using the method of matched asymptotic expansions (e. g. , Chap. 4 of Ref. 3) . The same technique was used by Jeffreys4 to treat a problem with two simple turning pOints. The solution was represented by five asymptotic expansions valid on the intervals [-1, - [°3, b] . Then, we match these expansions to determine the eigenvalues.
Before carrying out the expansions, it is more convenient to remove the first derivative in Eq. (1) by introducing the transformation
The result is
where [-a, -c5 2 1 To determine an expansion valid near the Singular transition point x = -a, we note that, as x --a, Eq. (3) tends to
II. AN EXPANSION VALID ON
where
Hence, an asymptotic solution valid near x == -a can be obtained by relating this solution to the solution of the "related" equation
To relate the solutions of Eq. (3) to the solutions of Eq. (7), we introduce the transformation (e. g., Sec. 7.3.9 of Ref . 3) z=cp(x),
in Eq. (3) and obtain
where primes denote differentiation with respect to x and
and
Hence, a first-approximation to Eq. (9) is given by Eq. (7), whose general solution is
where c 1 and c 2 are arbitrary constants and
In what follows, we restrict our analysis to the case r 1 .;; t so that v is real.
In order that y be regular at x = -a, Eqs. (2), (8), (11), and (12) show that CY 2 =0. Hence,
for even nand
as A-00 (15) for odd n, where c 1 and c 2 are arbitrary constants.
These expansions, although valid at x = -a, they break down as x -0 if n"* O. Thus, they are valid only on the interval [-a, -O 2 ], An expansion valid near x = 0 is obtained in the next section. [-a + 01,b-0 4 ] Asx-O, Eq. (3) tends to (16) where qo = ambkg(a). Therefore, an asymptotic solution to Eq. (3) 
III. AN EXPANSION VALID ON
for all Z if n is even and for Z '" 0 if n is odd, and
for Z = -~ < 0 if n is odd. Here, (;3 and (;4 are arbitrary constants and which is an entire function of z, and hence it is defined over the whole complex Z plane. Thus, we let Z = -~ in Eq. (22a), use the fact that n is an odd integer, and obtain _ .. rm ~m(n+2)
which is simply the power series representation of Eq. (21b). Therefore,
for all x if n is even and for x> 0 if n is odd, and 
Introducing the transformation (27) into Eq. (3), we obtain (28) where
Asx-b, Cp=O [(b-x) ], Cp'=O(l), and Fz=O[(b-xrl] .
Hence, a first approximation to v is given by Eq. (26) whose general solution is
where (;s and (;6 are arbitrary constants and
In what follows, we restrict our analysis to the case r 2 ,,; t so that y is real.
In order that y be regular at x = b, Eqs. (2), (3), and (30) show that (;6 = O. Hence,
as :\ -00 (32) Although this expansion is valid at x = b, it breaks down as x -O. In order to obtain a uniformly valid expansion on the interval [-a, b] , we match the three expansions obtained in this and the preceding two sections.
V. MATCHING WHEN n IS ODD
Since u l (x) and uo(x) are valid over on the interval -a < -a + 6 1 -'fx ~ -6 2 < 0, they have a large overlapping region which allows their matching. To match these expansions, we fix x in this overlap interval and expand both U o as given by Eq. (23b) and u l for large A. The result is
"
The expansions (33) and (34) are two WKBJ approxima~ tions of u(x) on the same interval -a + 6 1 ,,; X .E; -6 2 , Hence, they must be identical. This is so if, and only if,
To match U o and u 2 , we note that they overlap on the interval [6 3 , b -0 4 ], Thus, we fix x in this overlap interval and expand both U o as given by Eq. (23a) and u 2 for large:\. The result is
Since Eqs. (37) and (38) represent u over the same interval [6 3 , b -6 4 ], they must be identical.
If we let
Equating Eqs. (37) and (38), using Eqs. (39) and (40), and equating the coefficients of sinO! and coso! to zero, we obtain sinA=O or A=j1T, j=1,2,3 ,"',
Combining Eqs. (39) and (41), we find that the eigenvalues are Jl/2dxt (43) For the special case, a=b=I, p(x)=2(1-r), g(x) =l, 
To match U o and u 2 , we fix x in the interval [6 3 , b -6 4 J, expand U o and u 2 for large A, equate the results, and obtain
:::: C s COStA 1/ZG 2 -tll -i1TY).
Substituting Eqs. (46)- (49) into Eq. (44) and equating the coefficients of cos a and sin a on both sides, we obtain
Similarly, we obtain from Eq. (45) the following relationships:
In order that Eqs. (51) and (53) 
VII. SUMMARY
A general procedure is presented for the determination of approximate solutions of linear differential equations with multiple transition points. The procedure is a combination of the Langer transformation and the method of matched asymptotic expansions. It is applied to a class of second-order differential equations with three transition points-a turning point of any order and two regular singular points.
The solution is represented by three different regular asymptotic expansions. Each expansion is valid on an open interval containing one of the transition points but excluding the other two. These expansions were then matched to relate the arbitrary constants and determine the eigenvalues. Adding these expansions and subtracting their common parts, one can determine a so-called composite expansion, which is a single uniformly valid expansion.
